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Introduction

Uncertainty Quantification for Computer Simulations

@ Needed when PDE-governed system has uncertainty due to random
inputs

@ Includes propagating uncertainty to outputs efficiently

@ Used for design, optimization, and characterization

Output-based adaptive methods
@ Provide accurate outputs with efficient use of computing resources

@ Return estimates of error in output calculation
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Goal and Approach of this Work

Goal

To develop a nonintrusive method for output-based error estimation and
adaptation in both deterministic and stochastic spaces

Approach
@ Choose simulations to refine and new &’s to simulate

@ Consider exact solution in deterministic (X) and stochastic (@) spaces:
u(x,q)

@ Define statistical output J(u(X, @), X, @) (may include priors)
@ Use deterministic adjoint and residual information for adaptation
@ Restrict present study to one dimension in x and « and

Jy) = / f(y(u(x, a)))da
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Discretizations

Deterministic Space

1D model problem

2
—a% + C% = S(x, )
@ Solve via LDG method
o Ci1 = (px+1)%/h

@ DG test functions

Py(x) € PPx
@ Solution uy(x) € PP~ s.t.

RY(un, ¢py) =0, Vi

Dual problem
@ Define output y(u(x))
@ Adjoint equation

8RX 8yH

8u

¢

@ Solved by inverting the
Jacobian-transpose

@ LDG is dual-consistent
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Deterministic Space

c=5a=211
S = za®x2sin(ax?/5) — Ea? cos(ax?/5) + % + Zacxcos(ax?/5) + £

For x € [1,5], BC: u(1, a) = u(5,a) = 0, with Ny = 16 elements, px = 2

3
y= / u(x)dx = 0.874
2

Example solution Example dual solution
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Stochastic Space

Parameters
@ Consider parameters of PDE, e.g. u,c
@ Each parameter yields another dimension of u(X, @)
@ Collocation in @: nonintrusive, but sabotages dual-basis

Solution and Output

@ Interpolate u(X) in a-space in tensor-product fashion
@ Statistical output J(y(&)) defined over entire parameter space
e e.g. std. dev. of performance, probability of failure

[0 >
\l//
u(x, a) . y(a)
— X — o
—_—
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Stochastic Space

3
J:/ y(o)da = 1.8462
1

Solution contours

-05

1 15 2 25 3 35 4 4.5 5
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Discrete DWR

Output, correction, and error estimate

=Y wif(y(a)), i€ T§
i

8f
AJ = Z h [IXIO‘wHH] RX(T*Z¢ Upw; i),

04/677,&

c’)fh
0d = Z Lo = T T pn]| RY(T LY Upi ), o € T
° ’(,b ~ ORS(T¥L{ up; i) -T %T
hh ~ aUh 8Uh T[—(/‘ T[-)[( VHH
@ w; = integration weights for LV sz X
trapezoid rule \ jj }
Iy
TX
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Continuous DWR

Correction and error estimate

of; o T @
IS W:q [T*T50nH] RX(T*IP nmi o)
q )

5J:/f’[y] (R* (UHH, Y —YHH; ) da

ofy T
~ N W o [nn — DTG nH] | BT TG Uk ag)
P Yhq

ORX(T*IG UnH;q) -7 ayy T
~ ( ZZh\" —q ZHAATG) OYn
o whh ~ ( oup oup

@ «q, Wq = LGL integration points and weights
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Calculating R(-; «j)

A common mesh
@ Use common mesh within a-slabs
@ Tree structure: common mesh = “maximum” mesh
@ Intrusiveness: transfer (inject) solutions between meshes

Qi+t ¢ e U(X, Q1)
Qjt1/2 t «— Common mesh
Qje L — U(X7 al)
— LGL nodes

Evaluating residuals
@ Discrete (Collocation): if splitting a-slabs, need Rj(-; avj;1/2)
@ Continuous (FEM): need to evaluate R} at quad-points aq
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Error Estimation

Adjoint Reconstruction

Correction

@ Yy (po = 1: linear interp. in a) injected onto Vyy

Error estimate: reconstructing v up

Solve for ¥(x, ;) exactly Uhn
Interpolate ¥y in x and o XTIy
. . X(TXTuio)\ T oy T
Solve from appx. fine Jacobian (%W) b
. . ~ X (TUmo)\ ~ T T
Solve from coarse Jac., interp. in x  Z* [(W) o ]
H uy

@ New Jacobian assembly or interpolate it in «
@ Actually use 0v = Z% (N*Ypn — Z*Yyy) SO that 6y # 0 at aj, ajy 1

| =20 1=0077-000.
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Adjoint Reconstruction

Corrected output

164 b/ ]

= — —
2., COL, px=1 | |
=1 FEM, px=1
O —COL, px=2 |
sl o ——FEM, px=2 | |
1.74 :
m‘ 10 mi
1/h
Corrected output
1.86 T T T
[T L/ s

18 1

Output

Solve time (s)
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Adjoint Reconstruction

px =1
veo Corrected OLftp“t r Error in corrected output
10
P 7] S - T = -TTT T T
B == (0L, fine-psihh
2 =
g FEM, finepsihh |1 2. _ :
Q = =——COL, appx-psihh | L ﬂ
178, ===FEM, appx-psihh | ] G
174 i .
10‘ 102 “ m' 1EI2 ma
1/h 1/h
Corrected output 4 Error in corrected output
1.86 T T T 10
=
t 10 s
w
174 w0’
10 10 10 10 10 10 10 10 10
Zelve dimerdsho Solve time (s)
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x-a Splitting

@ Error estimate for a specific fine space — fraction of error

e x-only: refine x-meshes
o «-only: new simulations (same x-mesh)

@ No error contamination
@ Used for efficient anisotropic adaptation

VHH VhH

Vh Vhh
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Error Estimation

Adaptive Indicators: Other Methods

@ Interpolation error in
@ x: single simulation, fine x-mesh
e «:interp. of uon coarse x-mesh at ;12

@ Residuals
o x: R{(ZT"Unn; ai), o € T, (old sims on fine mesh)

o a: RY(Zf upm; o), o € T (resid. at new a: no eqgn. in «)

@ Jumpsin

@ X: Uyy across x-elements
e a: nearby uyy at a4 /2 (@assumes smoothness of jumps; no eqn. or

jumps in «) )
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Refinement Strategy

Allocating DOFs
@ Split x-elements or a-slabs in half
@ C({(«i,7j); aks1/2}) = DOFs actually solved for
@ Work growth: C" < f,C"~"
@ Choosing {(/,j); k}: knapsack problem
e Nonlinear cost f'n: C({(1,1),(1,2);-}) < C({(1,1),(2,2);-})

o No polynomial time algorithm for exact solution
@ Appx. sol'n: allocate x and o DOFs (f,), then add extra x-elements

()

Choosing mesh for a1 /2

@ Coarse mesh

@ Common mesh, refine if surrounding elements are refined
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Refinement Strategy

Adapting grid example
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Error

Error

Error in corrected output

i

= COL, adapt
FEM, adapt

=——COL, unif

===FEM, unif

1/h
Error in corrected output

Solve time (s)

px=1,f =05
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QE

4.5

10 L

1 2
10 10

1/h
Error in corrected output

10 \

Solve time (s)

px =2, =05
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Error in corrected output

—— —COL, px=1
10 \_,-N:LE__ FEM, px=1
S T | =0T, px=2
— 10

0 ——FEM, px=2
o' 7 =—(COL, px=3
o =FEM, px=3

10 ! %

1l]‘ ‘\l]2 m]

1/h

Discrete vs. continuous, px = 1,2,3

Error in corrected output

1
—FEM, fx=0.7

FEM, fx=05
——TFEM, fx=02

Error

1/h
Varying adaplalion pargmeer px = 1
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Corrected output

==COL
FEM
——INTERF
==JUMP
™ REESID

Output

Solve time (s)
Other adaptation metrics, pxy = 1

Corrected output

QOutput

Solve time (s)
Other adaptation metrics, px = 2
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Two Stochastic Dimensions: Discretization and
Results

@ Tensor product grid for simplicity, adaptive

@ Sparse grids give slightly better scaling with dimensionality

d%u ou

W+(5+OQX)& =1

Solved with x € [1,5], a1 € [4,5], ap € [1,2]. BC: u(1;-) = u(5;-) = 0.

— e

a2

RN U U B Rp——

Qv

1
1
1
1
1
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Two Stochastic Dimensions: Discretization and
Results

px = 1, perspective of o

Corrected output
08505 . Error in corrected output

5 oo J i —
3 Ll \ 1 g o
osTEs[T e e ———— = = L
s . o
o 1 . : A
0 10
1/h
c d 1/h
wss08 orrected output Error in corrected output
T | 10
053 —COL, unif
5 0.5795 COL, adapt —
3 k] 5 .
3 osme B =
J L 9.5
0ETEE[ T T T T i e e .|
as78 T
10 10 10 1o mn m‘ mi ma 10 155
Solve time sg Solve time (s)
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More Stochastic Dimensions

Two Stochastic Dimensions: Discretization and
Results

wuLpuL

uuLpuL

05705

0.578

05788

0578

Q.5788

as7a

0.5785

aseg
1

px = 1, perspective of ay

Corrected output

1/h

Corrected output

— COL, unif
COL, adapt ||

Solve time sg
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i A
<
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1/h

Error in corrected output

Error

Solve time (s)
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Conclusions

@ Developed nonintrusive method for error estimation and
adaptation in X- and a-spaces; requires ability to

Solve for u and ¢

Transfer solutions between meshes

Evaluate residuals and ¢ at intermediate &

Adaptively refine X-mesh

@ Can take advantage of cheap residual evaluations for more
accurate error estimates

@ Adaptive converges at same rate as uniform, uses same or less
computation time, can use fewer DOFs

@ Adaptive converges faster than other adaptation metrics, plus
error estimates
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Future Work

@ Inconsistencies in discretization and non-zero correction,
convergence rates

@ Adaptation constants (DOF growth factor, extra x-element factor)
@ Adaptation mechanics (multiple refinements)
@ More deterministic dimensions

@ More stocastic dimensions: kriging

e High-dim. interp, complexity independent of number of dimensions
@ Assumes stochastic nature of parameters (as opposed to
response-surface method)
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Conclusions and Future Work

Thank Youl!

Funded by the Center for Advanced Simulation of Light-water reactors

[Backup slides]

CASL-U-2011-0077-000

Asher and Fidkowski (UM) USNCCM 2011 July 26, 2011 26/ 31



Adaptive vs. uniform refinement, p, = 2,3

Py =2, = 0.7 px =81 =07
; Error in corrected output : Error in corrected output
10 10 ‘
0 . ~ , |0OL, sdapt
10
S | 2 o FEM, adapt
= ] t i 1
] | w v 45 COL, unif
. 4.5 1 =—=FEM, unif
m43 g “]45 ' ' ' ‘
10‘ m2 ma 10‘ mz ma
1/h 1/h
. Error in corrected output . Error in corrected output
10 10
R 7 = o s 14
o - — o .
2. : ] £
w W 2
" 158

Solve time (s)
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Convergence of correction and error estimate

Error in correction . Error in err estimate
10 T 10 T
o 0 9 x\\_f\«E_zn
b WEI2 B 2
e 9 10" =
= 5 B
L ek L
. 107t M
10 p= 4
ms " | |=—COL, px=1
IU‘ WZT W‘ 102 FEM, ple
1/h e 1/h — =
) ] FEM, pr=1 ) ) COL, px=2
, Error in correction | —cop, px—e , Error in err estimate |=—FEM, px=2
10 10 — -
=——FEM, px=2 COL, px=3
W'l 7 ”\\ ——COL, px=3 ol
— M =3
= WDQ- i A
<] S
t X t 10
L 10 L
4 WDE’
10 F
10° g 10

] 1 2 s ] ' 2 s

Solve time (s) Solve time (s)
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Two Stochastic Dimensions: Discretization and
Results

@ Tensor product grid for simplicity, adaptive

@ Sparse grids give slightly better scaling with dimensionality

d%u ou

W+(5+OQX)& =1

Solved with x € [1,5], a1 € [4,5], ap € [1,2]. BC: u(1;-) = u(5;-) = 0.

— e

a2

RN U U B Rp——

Qv

1
1
1
1
1
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Conclusions and Future Work

Two Stochastic Dimensions: Discretization and
Results

px = 1, iap=1

Corrected output
08505 . Error in corrected output

1
... .~

0578

wuLpuL
Error

1/h

1/h
Corrected output

Error in corrected output

0.5205 %
0.52 COL, unif
3 I
3 ome COL, adapt 5
3 aswe B =
J L 95
05785 | T T T s ooSsTaommr =
e ¥ £ 2 % 1“’ 0 1 2 El 5
10 10 10 1o 10 10 10 10 10 10
Solve time sg Solve time (s)
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Conclusions and Future Work

Two Stochastic Dimensions: Discretization and

Results
px =1, iap=2
Corrected output

os7es Error in corrected output
g 0579 \ﬁ ]
= 3 —
I T, 2. S ) i O L AN
7) osms i gl LE \

1h 10 o 1
S C‘Torrectecll output ‘ Error in corrected output
— COL, unif -

5 o ’ . X s
2 COL, adapt s
5 - =
) 05785 L

aseg
1

Solve time sg
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Conclusions and Future Work

Two Stochastic Dimensions: Discretization and

Results
px = 2, iap=
Corrected output
BT - = O
_'C_‘L 0.575 —_
5 g
D o LE
1/h
Corrected output
5 oss -_;-'--_____ J— =
g | : 5
=] =COL, unif =
O 0.58 H L
= COL, adapt

a a

2
10 10 10

Solve time sg
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Conclusions and Future Work

Two Stochastic Dimensions: Discretization and
Results

px = 2, iap=2
Corrected output
0808 " Error in corrected output
0.59 °
a 0.585 | 4 _ o \
5 0.58 g o T
8] e ——————— = |
0575 L 19
m‘ ‘m2 1 5 o i 2
1/h w 10 o
1/h
. Corrected output X Error in corrected output
o s am | 10
ases —COL, unif j
. ;"""“‘“‘7@% wnl e INST L
=] = =
O o7 (TR
0.505
1 2 a a mj
10 10 10 1o mn m‘ 1ﬂ2 mﬂ mA 155
Solve time sg Solve time (s)
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Two Stochastic Dimensions: Discretization and
Results

px = 3, iap=1
Corrected output
s , Error in corrected output
05788 m
5 oo .
3 5787 1 g y T m—— :___ 3
Il LU 1o \
05788 e — — —
05785 *
w‘ 102 1 z
1/h ° ’
1/h
oo Gorrected output , Error in corrected output
] 10
a57sm —COL, unif
3 osrer =i
) L 1o
OB o e - I R

05788
1

Solve time sg Solve time (s)
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Conclusions and Future Work

Two Stochastic Dimensions: Discretization and
Results

px = 3, iap=2
Corrected output
s , Error in corrected output
05788 m
5 oo .
3 5787 1 g y T m—— :___ 3
Il LU 1o \
05788 e — — —
05785 *
w‘ 102 1 z
1/h ° ’
1/h
oo Gorrected output , Error in corrected output
] 10
a57sm —COL, unif
3 osrer il =i
) L 1o
OB o e - I R

05788
1

Solve time sg Solve time (s)
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and Fi

Non-zero correction

FEM, py = 1

. Grids %10
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0.0z
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Non-zero correction

FEM, px = 2

3
58 003
- .08
24 007
22 0.05
2 005
18 0.04
18 0.03
14 0.0z
12 oo
1

To1sozo2z8 3 3 4 455

Grids %10 . %10

d 25
6
5
a 15
3
2
05
1
25 3 as 4 45 5
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Conclusions and Future Work

Adapted Grids

Col, px =1
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Adapted Grids

FEM, py = 2
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