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ABSTRACT

The nonlinear diffusion acceleration (NDA) method is an efficient and flexible transport
iterative scheme for solving reactor-physics problems. This paper presents a fast iterative
algorithm for solving multigroup neutron transport eigenvalue problems in 1D slab geometry.
The proposed method is defined by a multi-level system of equations that includes multigroup
and effective one-group low-order NDA equations. The eigenvalue is evaluated in the exact
projected solution space of smallest dimensionality, namely, by solving the effective one-
group eigenvalue transport problem. Numerical results that illustrate performance of the
new algorithm are demonstrated.

Key Words: multigroup transport equation, eigenvalue problem, iterative methods.

1. INTRODUCTION

One of common iterative approaches for solving the transport equation is the nonlinear diffusion
acceleration (NDA) method [1]. It is an efficient algorithm for acceleration of within-group
transport iterations for reactor physics calculations [2]. The NDA method is formulated directly
in the discrete form. The low-order NDA equations are defined for the moments of the transport
solution and consist of (i) the particle balance equation and (ii) the first-moment equation in a
form of a generalized Fick’s law with a special consistency term. The high-order and low-order
equations of the method are coupled by means of an exact closure. In case of energy-independent
eigenvalue transport problems, the NDA method can be presented in a general differential form
as follows:

µ
∂ψ(s+1/2)

∂x
+ Σtψ

(s+1/2) =
1
2

(
Σs +

1
k(s)

νfΣf

)
φ(s) , (1)

φ(s+1/2) =
∫ 1

−1
ψ(s+1/2)dµ , (2)

J (s+1/2) =
∫ 1

−1
µψ(s+1/2)dµ , (3)

D̃(s+1/2) =
1

φ(s+1/2)

(
J (s+1/2) +

1
3Σt

dφ(s+1/2)

dx

)
, (4)
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dJ (s+1)

dx
+

(
Σt − Σs − 1

k(s+1)
νfΣf

)
φ(s+1) = 0 , (5)

J (s+1) = − 1
3Σt

dφ(s+1)

dx
+ D̃(s+1/2)φ(s+1) . (6)

The spatial grids for the transport equation (1) and low-order NDA (LONDA) equations (5) and
(6) can be different. For example, the low-order NDA problem can be applied to pin-cell regions
whereas the transport equation itself is solved on a mesh that resolves structure inside pin cells
[2, 3]. Then, the discrete balance equation (5) in each coarse spatial cell relates the particle net
leakage rate across the pin-cell boundary with absorption and fission production rates in the
given pin cell. The discrete first-moment equation (6) is formulated at pin-cell interfaces. It
provides a relationship between the net leakage rate at these interfaces and the average scalar
fluxes in neighboring pin cells. In this paper, the low-order NDA equations are considered on
grids that are used for the transport equation.

The multigroup transport equation with vacuum boundary conditions is given by

µ
∂

∂x
ψg(x, µ)+Σt,g(x)ψg(x, µ)

=
1
2

G∑

p=1

Σs,p→g(x)
∫ 1

−1
ψp(x, µ)dµ+

1
2k

χg(x)
G∑

p=1

νf,p(x)Σf,p(x)
∫ 1

−1
ψp(x, µ)dµ ,

−1 ≤ µ ≤ 1, 0 ≤ x ≤ X, g = 1, ..., G ,

ψg(0, µ) = 0 for µ > 0 , ψg(X,µ) = 0 for µ < 0 .

(7)

Here standard notations are used. The NDA method (1)-(6) can be used directly to solve multi-
group transport problems by applying it to the transport equation in each group. In this case,
the multigroup low-order NDA equations are similar in form to the multigroup P1 equations.
The method of power iterations is used to solve them. The estimation of the eigenvalue is
obtained as a result of solving the multigroup low-order NDA problem. In this paper, to accel-
erate the convergence of multigroup transport iterations, it is proposed to formulate a one-group
(grey) low-order transport problem based on the low-order NDA equations [4, 5].

The remainder of this paper is organized as follows. In Sec. 2 we present the two-level NDA
method for solving multigroup transport problems. In Sec. 3 the multi-level NDA method is
formulated. The numerical results are presented in Sec. 4. We conclude with a summary in Sec
5.

2. TWO-LEVEL NDA METHOD

The NDA method for solving the multigroup transport problems is defined by a high-order
multigroup problem for the transport discretization scheme and a multigroup problem for the
low-order NDA (LONDA) equations. To discretize the transport equation, we use the step
characteristic method. The multigroup high-order transport problem is given by:

µm

(
ψm,g,j+1/2 − ψm,g,j−1/2

)
+Σt,g,j∆xjψm,g,j

=
∆xj

2

( G∑

g′=1

Σs,g′→g,jφg′,j+
χg,j

k

G∑

g′=1

νf,g′,jΣf,g′,jφg′,j

)
,

(8)
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ψm,g,j = αm,g,jψm,g,j−1/2 + (1− αm,g,j)ψm,g,j+1/2 , (9)

αm,g,j =
1

τm,g,j
− 1

eτm,g,j − 1
, τm,g,j =

Σt,g,j∆xj

µm
, (10)

j = 1, ..., N , m = 1, ...,M , g = 1, ..., G ,

ψm,g,1/2 = 0 , m : µm > 0 , (11)

ψm,g,N+1/2 = 0 , m : µm < 0 , (12)

where ψg,m,j−1/2 and ψg,m,j are the cell-edge and cell-average group angular fluxes, correspond-
ingly,

∆xj = xj+1/2 − xj−1/2 , j = 1, ..., N , ∆x0 = ∆xN+1 = 0 . (13)

Now the NDA method is applied to the discretized multigroup transport equation (8)-(10). Let
us introduce the group scalar flux and current calculated from the group angular flux by means
of quadrature sums

φ̃g,j =
M∑

m=1

ψm,g,jwm , j = 1, ..., N , (14)

φ̃g,0 =
M∑

m=1

ψm,g,1/2wm , φ̃g,N+1 =
M∑

m=1

ψm,g,N+1/2wm , (15)

J̃g,j−1/2 =
M∑

m=1

µmψm,g,j+1/2wm , j = 1, ..., N + 1 . (16)

These quantities are utilized to define the NDA consistency term

D̃g,j+1/2 =
J̃g,j+1/2 + Dg,j+1/2

(φ̃g,j+1−φ̃g,j)
∆xj+1/2

0.5(φ̃g,j+1 + φ̃g,j)
, (17)

where
∆xj+1/2 =

1
2
(∆xj + ∆xj+1) , (18)

Dg,j+1/2 =
1

3Σt,g,j+1/2
, (19)

Σt,g,j+1/2 =
Σt,g,j∆xj + Σt,g,j+1∆xj+1

∆xj + ∆xj+1
(20)

and define boundary factors

Fg,L =
J̃g,1/2

φ̃g,0

, Fg,R =
J̃g,N+1/2

φ̃g,N+1

(21)

that are used to formulate low-order boundary conditions. The resulting multigroup LONDA
equations have the following form:

Jg,j+1/2 − Jg,j−1/2 + Σt,g,j∆xjφg,j

= ∆xj

G∑

g′=1

Σs,g′→g,jφg′,j + ∆xj
χg,j

k

G∑

g′=1

νf,g′Σf,g′φg′,j ,

j = 1, ..., N ,

(22)
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Jg,j+1/2 = −Dg,j+1/2
φg,j+1 − φg,j

∆xj+1/2
+

1
2
D̃g,j+1/2(φg,j+1 + φg,j) , (23)

j = 0, ..., N ,

Jg,1/2 = Fg,Lφg,0 , Jg,N+1/2 = Fg,Rφg,N+1 . (24)

On each transport iteration, the equations (22)-(24) are solved by the power iteration method
with the current estimates for the consistency term (17) and boundary factors (21) to evaluate
the multiplication factor and associated multigroup eigenfunction. We will refer to the method
described above as two-level NDA (TLNDA) method. The iteration scheme of the TLNDA
method is presented in Algorithm 1 in a form of a pseudo code.

Algorithm 1: Iteration Scheme of the TLNDA Method
s = 0
for g = 1, ..., G do

Set D̃
(1/2)
g = 0, F

(1/2)
g,L = −0.5, and F

(1/2)
g,R = 0.5

while ||1− φ(s)/φ(s−1)||∞ > εφ,1 or |1− k(s)/k(s−1)| > εk,1 do1

s = s + 1
l = 0
while ||1− φ(s,l)/φ(s,l−1)||∞ > εφ,2 or |1− k(s,l)/k(s,l−1)| > εk,2 do2

l = l + 1
for g = 1, ..., G do

Solve the multigroup LONDA equations (22)-(24) to calculate φ
(s,l)
g

Calculate k(s,l) = k(s,l−1) ||νfΣfφ(s,l)||/ ||νfΣfφ(s,l−1)||
φ

(s)
g = φ

(s,l)
g and k(s) = k(s,l)

for g = 1, ..., G do
Solve the transport equation (8) to calculate ψ

(s+1/2)
g

for g = 1, ..., G do
Calculate D̃

(s+1/2)
g , F

(s+1/2)
g,L , and F

(s+1/2)
g,R

3. MULTI-LEVEL NDA METHOD

We now formulate a new algorithm that is based on the idea of NDA method and employs extra
low-order equations, namely, one-group (grey) problem for the total scalar flux φ and current
J to accelerate multigroup transport iterations [4, 5]. Let us sum Eq. (22), (23) and (24) over
groups to get

Jj+1/2 − Jj−1/2 + ∆xj

G∑

g=1

(Σt,g,j − Σs,g,j) φg,j =
∆xj

k

G∑

g=1

νf,g,jΣf,g,jφg,j , (25)

1
3

(φj+1 − φj)−
∆xj+1/2

2

G∑

g=1

Σt,g,j+1/2D̃g,j+1/2φg,j+1

−∆xj+1/2

2

G∑

g=1

Σt,g,j+1/2D̃g,j+1/2φg,j + ∆xj+1/2

G∑

g=1

Σt,g,j+1/2Jg,j+1/2 = 0 ,

(26)

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

4/12

CASL-U-2014-093-000



Multi-Level NDA Method for Multigroup Transport k-Eigenvalue Problems

J1/2 =
G∑

g=1

Fg,Lφg,0 , JN+1/2 =
G∑

g=1

Fg,Rφg,N+1 . (27)

To derive the one-group balance equation, we define averaged absorption and fission cross sec-
tions

Σa,j =

∑G
g=1 Σa,g,jφg,j∑G

g=1 φg,j

, (28)

Σf,j =

∑G
g=1 Σf,g,jφg,j∑G

g=1 φg,j

, (29)

and

νf,j =

∑G
g=1 νf,g,jΣf,g,jφg,j∑G

g=1 Σf,g,jφg,j

. (30)

The equations (25), (28)-(30) lead to

Jj+1/2 − Jj−1/2 + Σa,j∆xjφj =
1
k
νf,jΣf,j∆xjφj , j = 1, ..., N . (31)

To cast Eq. (26) as an equation for φ and J , we define two factors

<ΣtD̃>−
j+1/2=

∑G
g=1 Σt,g,j+1/2D̃g,j+1/2φg,j∑G

g=1 φg,j

, (32)

<ΣtD̃>+
j+1/2=

∑G
g=1 Σt,g,j+1/2D̃g,j+1/2φg,j+1∑G

g=1 φg,j+1

, (33)

the one-group cross section given by

Σt,j+1/2 =

∑G
g=1 Σt,g,j+1/2|Jg,j+1/2|∑G

g=1 |Jg,j+1/2|
, (34)

and extra consistency terms defined as follows

ζ̄+
j+1/2 =

{ γj+1/2∑G
g=1 φg,j+1

, if γj+1/2 > 0

0 , if γj+1/2 ≤ 0
, ζ̄−j+1/2 =

{
0 , if γj+1/2 > 0

|γj+1/2|∑G
g=1 φg,j

, if γj+1/2 ≤ 0 , (35)

where

γj+1/2 =
G∑

g=1

(
Σt,g,j+1/2 − Σt,j+1/2

)
Jg,j+1/2 . (36)

The resulting one-group first-moment NDA equation has the following form:

Jj+1/2 = −Dj+1/2
φj+1 − φj

∆xj+1/2

+
1

Σt,j+1/2

((1
2

<ΣtD̃>+
j − ζ̄+

j+1/2

)
φj+1 +

(1
2

<ΣtD̃>−
j + ζ̄−j+1/2

)
φj

)
,

(37)

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

5/12

CASL-U-2014-093-000



D. Anistratov

where
Dj+1/2 =

1
3Σt,j+1/2

. (38)

The equations (40) give rise to the boundary conditions for the LONDA equations (31) and (37)
given by

J1/2 = FLφ0 , JN+1/2 = FRφN+1 , (39)

where

FL =

∑G
g=1 Fg,Lφg,0∑G

g=1 φg,0

, FR =

∑G
g=1 Fg,Rφg,N+1∑G

g=1 φg,N+1

. (40)

Thus the effective one-group LONDA problem is defined by Eqs (31), (37), and (39).

To couple the low-order NDA equations for φ and J with equations of higher dimensionality,
namely,

• the multigroup equations for the group scalar flux and currents,

• the multigroup equations for the group angular flux,

and to close exactly the complete system of equations, the right-hand sides of these multigroup
equations are recasted in terms of the total scalar flux. As a result, the multigroup low-order
NDA equations for φg and Jg are defined as

Jg,j+1/2 − Jg,j−1/2 + (Σt,g,j − Σs,g→g,j)∆xjφg,j =

∆xj

g−1∑

g′=1

Σs,g′→g,jφg′,j + ∆xj

(
Qs,g,j +

χg,j

k
νf,jΣf,j

)
φj ,

(41)

j = 1, ..., N ,

Jg,j+1/2 = −Dg,j+1/2
φg,j+1 − φg,j

∆xj+1/2
+

1
2
D̃g,j+1/2(φg,j+1 + φg,j) , (42)

j = 0, ..., N ,

Jg,1/2 = Fg,Lφg,0 , Jg,N+1/2 = Fg,Rφg,N+1 , (43)

where

Qs,g,j =

∑G
g′=g+1 Σs,g′→g,jφg′,j∑G

g′=1 φg′,j
. (44)

The high-order multigroup transport equation for ψm,g has the following form:

µm

(
ψm,g,j+1/2 − ψm,g,j−1/2

)
+ Σt,j∆xjψm,g,j =

∆xj

2

(
Σs,g,j +

χg,j

k
νf,jΣf,j

)
φj , (45)

ψm,g,j = αm,g,jψm,g,j−1/2 + (1− αm,g,j)ψm,g,j+1/2 , (46)

where

Σs,g,j =

∑G
g′=1 Σs,g′→g,jφg′,j∑G

g′=1 φg′,j
. (47)
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Finally, the multi-level NDA (MLNDA) method is defined by Eqs. (31), (37), (39), (41)-(43),
(45), and (46). The iterative scheme for solving the system of equations of the MLNDA method
is shown in Algorithm 2.

In the proposed method, the eigenvalue estimation is calculated as a solution of the one-group
LONDA equations and hence it is evaluated in the subspace of the lowest dimensionality. Note
that this is the exact projected solution subspace, because all closure relations defined to derive
the equations of the MLNDA method are exact. The one-group NDA problem is treated as the
generalized eigenvalue problem in which the vector of unknowns ~u is formed by the grid function
of the total scalar flux (~φ) and eigenvalue [6]. This leads to a system of nonlinear equations of
the following form:

F(~u) = 0 , ~u = (~φ, λ) , λ =
1
k

, (48)

F(~u) =



L~u− λP~u

B~u
N~u− 1


 (49)

where L, P, and B are the loss, production, and boundary condition operators of the one-group
LONDA equations. N is the normalization operator. The Newton’s method is applied to solve
the generalized eigenvalue problem (48). Thus, the one-group LONDA equations are solved by
means of the following iteration process:

J (~u(n−1))δ~u(n−1) = −F(~u(n−1)) , ~u(n−1) = (~φ(n−1), λ(n−1)) , (50)

~u(n) = ~u(n−1) + δ~u(n−1) , (51)

where J is the Jacobian of F .

4. NUMERICAL RESULTS

Let us consider a test consisting of three regions of equal size (0 ≤ x ≤ 3H) (see Fig. 1) [5]. This
is a 1D variant of the seven group C5G7 benchmark [7]. The left region is a MOX assembly. The
middle one is a UO2 assembly. The right region is a reflector. The left boundary is reflective.
The right boundary is vacuum. The assembly width (H) is 21.42 cm. There are 17 pin cells
in an assembly. The spatial and angular meshes are uniform with ∆x =0.09 cm and ∆µ =
0.2, correspondingly. The relative pointwise convergence criteria are used. The parameters for
various levels of iterations are listed in Table I.

In this test problem, the numbers of transport iterations are the same for both methods. In
Figure 2 we plot the convergence histories for the MLNDA method in terms of differences
of eigenvalues and eigenfunctions on successive transport iterations. The L2-norm is used to
compare estimations in eigenfunctions. The total numbers of iterations for every level of itera-
tions are listed in Table II. The results show that the MLNDA method reduces the number of
multigroup low-order iterations, because it uses the effective one-group LONDA problem. The
MLNDA method needs about 3 times less multigroup low-order iterations than the TLNDA
method. Note that the MLNDA method has certain additional computational costs associated
with solving the one-group low-order problem. However, the amount of one-group low-order
iterations will not change with increase in number of groups.
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Algorithm 2: Iteration Scheme for the Multi-Level NDA Method
s = 0
for g = 1, ..., G do

Set D̃
(1/2)
g = 0, F

(1/2)
g,L = −0.5, and F

(1/2)
g,R = 0.5

while ||1− φ(s)/φ(s−1)||∞ > εφ,1 or |1− k(s)/k(s−1)| > εk,1 do1

s = s + 1
l = 0
while ||1− φ(s,l)/φ(s,l−1)||∞ > εφ,2 or |1− k(s,l)/k(s,l−1)| > εk,2 do2

l = l + 1
for g = 1, ..., G do

Calculate Q
(s,l−1)
s,g

for g = 1, ..., G do
Solve the multigroup LONDA equations (41)-(43) to calculate φ

(s,l)
g

for g = 1, ..., G do

Calculate Σ(s,l)
a , Σ(s,l)

f , ν
(s,l)
f , Σ(s,l)

t , <ΣtD̃>±(s−1/2,l), ζ̄±(s,l)

n = 0
while ||1− φ(s,l,n)/φ(s,l,n−1)||∞ > εφ,3 or |1− k(s,l,n)/k(s,l,n−1)| > εk,3 do3

n = n + 1
Solve the one-group LONDA equations (31), (37), and (39). to calculate k(s,l,n) and
φ(s,l,n)

φ(s,l) = φ(s,l,n) and k(s,l) = k(s,l,n)

φ
(s)
g = φ

(s,l)
g , φ(s) = φ(s,l) and k(s) = k(s,l)

Σ(s)
f = Σ(s,l)

f , ν
(s)
f = ν

(s,l)
f

Calculate Σ(s)
s,g

for g = 1, ..., G do
Solve the transport equation (Eqs. (45) and (46)) to calculate ψ

(s+1/2)
g

for g = 1, ..., G do
Calculate D̃

(s+1/2)
g , F

(s+1/2)
g,L , and F

(s+1/2)
g,R

Table I: Parameters of Convergence Criteria

Iteration Index Criterion for Criterion for
Level Type of Iterations MLNDA TLNDA Eigenvalue Eigenfunction

1 Transport Iterations s s εk,1=10−7 εφ,1=10−6

2 Multigroup Low-Order Iterations l l εk,2=10−8 εφ,2=10−7

3 One-group Low-Order Iterations n – εk,3=10−9 εφ,3=10−8
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Figure 1: Test problem.
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 || (s) - (s-1)||

L2

Figure 2: Convergence histories for the MLNDA method versus the number of the transport
iterations.

Tables III and IV present the number of multigroup low-order iterations on each transport it-
eration. The numbers of these iterations gradually decrease for both methods. On the first
transport iteration (s=1), the TLNDA methods executed 52 multigroup low-order iterations,
whereas the MLNDA had just 16 iterations of that kind. Figures 3 and 4 show the iteration his-
tory of differences in estimations of eigenvalue and eigenfunction on the first transport iteration.
Note that for s=1 D̃

1/2
g =0 (See Algorithm 2). Thus, in this case the multigroup low-order NDA

equations are equivalent to the multigroup diffusion equation. The presented details for s=1
demonstrate the efficiency of the one-group NDA equations in solving the eigenvalue problem
of the multigroup diffusion equation. It reduces the number of multigroup low-order iterations
by a factor of 3.25.
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Table II: Total Number of Iterations for TLNDA and MLNDA

Multigroup One-Group
Iterations Transport Low-Order Low-Order
(Index) Iterations (s) Iterations (l) Iterations (n)
TLNDA 9 221 –
MLNDA 9 76 169

Table III: Number of Inner Iterations for TLNDA

Transport Iteration (s) 1 2 3 4 5 6 7 8 9
Number of Multigroup

Low-Order Iterations (l) 56 45 38 30 22 13 4 3 1

Table IV: Number of Nested Iterations for MLNDA

Transport Iteration (s) 1 2 3 4 5 6 7 8 9
Number of Multigroup

Low-Order Iterations (l) 16 15 12 10 8 6 4 3 2
Number of One-Group

Low-Order Iterations (n) 39 35 27 22 16 12 8 6 4
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,l
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(1
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) |

Iteration number (l)
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Figure 3: |k(s,l)− k(s,l−1)| for s = 1 versus the
number of multigroup low-order iterations (l).

0 5 10 15 20 25 30 35 40 45 50 55
1E-8

1E-7

1E-6

1E-5

1E-4

1E-3

0.01

0.1

1

10

100

1000

 |
(1

,l
)  -

 
(1

.l
-1

) ||
L

2

Iteration number (l)

 MLNDA
 TLNDA

Figure 4: ||φ(s,l)− φ(s,l−1)||L2 for s = 1 versus
the number of multigroup low-order iterations
(l).

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

10/12

CASL-U-2014-093-000



Multi-Level NDA Method for Multigroup Transport k-Eigenvalue Problems

5. CONCLUSIONS

A new computational method for solving the multigroup transport equation has been developed.
This is a multi-level iterative algorithm that is based on the nonlinear diffusion acceleration
method. A key element of the new method is the effective one-group low-order NDA problem that
is an equivalent transport eigenvalue problem in exact solution subspace for the total scalar flux
and current. On each transport iteration, this problem is used to estimate the eigenvalue. The
one-group NDA eigenvalue problem is treated as a generalized eigenvalue problem. The Newton’s
method is applied to solve it. The spatial discretization of the one-group LONDA equations is
consistent with the discretization of the multigroup LONDA equations. The numerical results
demonstrated that the effective one-group problem accelerates multigroup low-order iterations
that involve solution of the multigroup NDA equations. The proposed method can be used to
solve various types of eigenvalue problems for the neutron transport equation. It can also be
extended to multidimensional problems.
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