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ABSTRACT

The objective of the work presented in this paper was to develop both the Method of
Characteristics (MOC) and Coarse Mesh Finite Difference (CMFD) adjoint capabilities within the
framework of the pin resolved, 2D-1D method in the core transport neutronics code MPACT. The
first section of this paper provides a description of the algorithms developed in MPACT to solve
the adjoint flux for both the MOC and CMFD equations. The computational complexity and
efficiency of the MOC based and CMFD based adjoint flux calculations are then compared, and
numerical results are presented. The MOC and CMFD adjoint flux solutions are compared for a
simple pin cell case which shows good agreement in the non-resonance energy region. This
suggests that the use of the CMFD-based adjoint flux is sufficiently accurate for cases in which
pin-resolution is not important such as core reactivity edits. A SPERT transient rod assembly case
is then used to compare MPACT spatial transient results to the Exact Point Kinetic Equation
(EPKE) results using the CMFD adjoint flux. Good agreement is observed between the EPKE and
the MPACT spatial transient results which provides confidence in CMFD adjoint flux calculation
for practical core reactivity edits in MPACT.
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1 INTRODUCTION

MPACT [1, 2] i1s a three-dimensional (3-D) whole core transport code being developed
jointly at the University of Michigan and Oak Ridge National Laboratory (ORNL) as part of the
DOE CASL reactor simulation hub. MPACT is capable of generating pin resolved power
distributions using integral transport solutions to the heterogeneous reactor problem in which the
actual pin-resolved geometrical configuration of fuel components such as the pellet and cladding
is explicitly retained during the flux solution. The cross section data needed for the neutron
transport calculation are obtained directly from a multi-group microscopic cross section library
similar to those used in lattice physics codes. Hence MPACT involves neither a priori
homogenization nor group condensation for the core spatial solution.

The steady state integral transport solution is obtained by the method of characteristics
(MOC) that employs discrete ray tracing. Since the direct application of MOC to a full 3-D core
a configuration requires considerable amounts of memory and computing time for practical
reactor applications, an alternative approximate 3-D solution method was implemented in
MPACT based on a 2-D/1-D approach, which employs planar MOC solutions within the
framework of the 3-D coarse mesh finite difference (CMFD) formulation [3]. The axial coupling
is resolved by one-dimensional (1-D) lower order solutions and the planar and axial problems are
coupled through transverse leakage. The use of a lower order 1-D solution in the axial direction
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is justified by the fact that most heterogeneity in the core occurs in the radial direction rather
than the axial. Several 1D nodal methods are currently available in MPACT to solve the axial
problem, including diffusion, SN, and SPN kernels.

A pin-resolved transient capability was recently designed and implemented in MPACT [4].
As part of the development of the transient capability in MPACT, the adjoint capability was
developed primarily to provide the ability to perform reactivity edits for practical reactor
applications. Both an MOC and CMFD based adjoint flux capability was implemented in
MPACT and the first section of this paper provides a description of the MOC and CMFD adjoint
equations and solution algorithms. The second section provides numerical result for comparison
between CMFD and MOC based adjoint flux and comparison of MPACT results to EPKE
results.

2 THE MOC AND CMFD ADJOINT METHODS

The fundamental mode adjoint neutron flux has always been useful in reactor physics for the
treatment of perturbations of eigenvalue problems. The adjoint flux provides a convenient
method to estimate the perturbed eigenvalue without exactly solving the often very complicated
perturbed systems [5]. One of the important perturbations for practical neutron transport
applications is the insertion of reactivity, where the change of material composition, temperature,
etc. will either increase or decrease the eigenvalue of the system.

The MOC based adjoint flux calculation was previously implemented in MPACT in order to
generate the asymptotic diffusion coefficient [6]. Because of the computational complexity of
the MOC based adjoint flux, the CMFD based adjoint flux calculation capability was also
designed and implemented in MPACT with the intention to accurately approximate the MOC
based adjoint flux for practical reactor core applications.

As described in the reference [5], the adjoint operation is defined by the scalar product Eq.

(1) to hold for all allowed ¥ and @ of all functional space, where and H is the adjoint operator
of Hand <> is the operation to integrate over all spaces:

<P HD>=<HY,®>=<DO,HY > (1)
The following sections will first develop the MOC based and then the CMFD based adjoint
equations that were implemented in MPACT.

2.1 MOC Adjoint Equations

For simplicity, the development of the MOC-based adjoint can be most easily demonstrated
using the 1-D isotropic scattering transport equation. The forward equation is shown in Eq. (2).

u PV EHE) s (% B (x, 4,E)
OX o
1wop E) rw o1
g EE o Ew O BN+ A EL [ v (D

where w (X, 11, E)is the angular flux and the other terms are the standard reactor physics
notations. Using the definition of adjoint operator in Eq. (1), the adjoint form of Eq. (2) can be

easily written as:
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In order to solve the forward flux Eq. (2), the energy domain is discretized using the
multigroup approximation:

Oy (X, 1)
ﬂga—xﬂt,g(X)t//g(X, )
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The corresponding adjoint equation to Eq. (4) can then be written as:

Oy (X, 11) .

_/uga—x + zt,g (X)l//g (X! ﬂ)
(x ) ()

=_ZI 125 99’ (X)l/jg (X H )dﬂ + f29 _[ Zg (X)l//g (X H )dﬂ

Using the convenient variable change l//; (X, 1) = lﬁg (X,—u) and then setting 2 = — 2, Eq. (5)

becomes Eq. (6) which is a similar form to the forward MOC Egq. (4), where only the scattering
matrix is reversed and nu-fission is exchanged with the fission spectrum.

oy (%, 1)
ﬂ—
OX

1& 1 . . %> (X) & 1 . . .
= EZJ._lzs,gﬁg-(X)l//g-(X,ﬂ )du +f'—SZI_lzg.(x)wg.(x,y Yd 1
g'=l g'=1

+Zy 4 0017 (X, 1)
(6)

The algorithm used for solving the forward equation can then be used to solve the
corresponding adjoint equation. One important fact should be noted is that the adjoint transport
equation is not technically solved since that would require multigroup cross sections obtained by
flux-weighting with adjoint fluxes. Instead, only the adjoint of the multigroup transport equation
is solved here.

2.2 CMFD Adjoint Equations

CMFD acceleration method has been widely used to reduce the computational burden for
steady state and transient reactor simulations. The balance equation for each neutronics node is
coupled to its neighboring nodes through the interface neutron currents:

1 /}//gzvzfg¢
h_(‘Jgur gul)+zrg¢ zzgg Py k— (7

u=x,y,z 'y eff
g;cg
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where A, J, X"

rg °
scalar flux using standard reactor notations. The “7”” and “/” subscripts refer to the left and right
nodes.

¢gm are the node length, current in the surface, removal cross-section, and

In order to preserve the higher order solution, a Iﬁs term is added to the diffusion term as
shown in Eq. (8):

JMP =Dy (s — )+ Ds (¢ + 1) )

2D, D,

= ————————, which comes from the standard diffusion theory using Fick’s law.
hD, +h.D,

where I:~)S

The ljs term is calculated using Eq. (9) based on the solution of higher order equations (e.g.
MOC, NEM and SN):

[35 _ ‘Tslocal + Ijs (¢R _¢L)
(42 +4)

Using Eq. (8) in Eq. (7), set of equations can be formulated with only the average scalar flux
as unknowns. This can be written in the usual matrix form as:

©)

F
Ag= k_¢ (10)
eff

where A and F matrix are the left hand side and right hand side of Eq. (7) respectively.

Eq. (10) can be solved by the standard power iteration, where in each iteration either group
sweeping or a direct matrix inversion can be used to determine the solution of the inner iteration
fixed source problem Ax=b.

As shown in the references [5], the transpose of a matrix satisfies the definition of the
adjoint operation defined in Eq. (1). As a result, the CMFD adjoint equation can be expressed as:

ey
A¢:kfb (11)

eff

where the fundamental mode forward and adjoint eigenvalues are identical.

The matrix A is explicitly constructed and stored during the forward CMFD solve in
MPACT and the transpose operation is simply performed by the intrinsic transpose subroutine
provided by PETSc [7]. The fission source operator F term is not constructed explicitly, but
rather can be written in matrix form in Eq. (12), and the transpose operation can be performed by
simply switching the fission spectrum and fission cross section vector as shown in Eq. (13).

F=yvX, (12)
F = sz*X* (13)
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Eq. (11) can also be solved using the power iteration, which is the same procedure to solve
the forward CMFD equation. Since the matrix A and F are fixed for the given problem, there is
no need to update them during the power iteration. In addition, the majority of the right hand side
term can be shifted to the left hand side, and the method is well known as Wielandt Eigenvalue
Shift.

2.3 Comparison of Computational Cost of the CMFD and MOC Adjoint Calculation

Apart from possible differences in the accuracy of the CMFD and MOC based adjoint flux,
the CMFD adjoint flux has two major computational advantages over the MOC adjoint flux.
First there is the obvious saving in FLOP count because the CMFD adjoint flux calculation is
much less computationally intensive and requires less than 10% of the forward MOC calculation
time for most applications. The second computational advantage is because all the coefficients
of the adjoint CMFD matrix are calculated and stored during the forward calculation while some
of the MOC coefficients required for the adjoint solution would need to be evaluated on the
MOC mesh during the forward calculation, such as the difference in the leakage term QVy
when Eq. (18) is used to evaluate the dynamic reactivity. This would increase the memory usage
as well as increase coding complexity.

3 NUMERICAL RESULTS

3.1 Comparison of CMFD and MOC Adjoint Flux

A typical PWR pin cell case was created to examine the differences in CMFD and MOC
based adjoint flux solution. The CMFD and MOC based adjoint flux are shown in Figure 1,
where the MOC adjoint flux is homogenized by flat source region volume and both CMFD and
MOC adjoint flux are normalized. These two sets of adjoint fluxes agree very well in the non-
resonance groups (Group one is the fastest group), while some discrepancies are observed in the
resonance energy groups.
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Figure 1 MOC and CMFD based adjoint flux for a pin cell
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The MOC based region-wise adjoint flux is shown in Figure 2, where the inner rings have
much less neutron importance than the outer rings primarily due to self-shielding effects. For
example, adjoint solution suggests that the outermost ring has more than 50 times more
importance than the innermost ring for group 34. The large radial distribution of the MOC based
adjoint flux can explain the difference between MOC and CMFD adjoint flux.
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Figure 2 MOC based adjoint flux for radial subregions

However, these differences in the pin-resolved adjoint solution are likely not crucial to most
practical reactor core applications. Unlike the forward fluxes, the primary purpose of the adjoint
flux is to provide an evaluation of the “importance” of the forward flux, and thus the discrepancy
between CMFD and MOC should be less significant in predicting core wise parameters such as
the coefficients for the EPKE.

3.2 Comparison of SPERT transient rod assembly results with Exact Point Kinetic
Equation

In order to verify the accuracy of the CMFD adjoint flux calculation and point kinetics
parameter edits, the MPACT transient results were compared to EPKE.

The point kinetic parameters edits capability was implemented using the CMFD adjoint flux
as the weighting function and their accuracy is crucial to the EPKE results. The EPKE is
formulated based on the fact that the flux solution can be separated into an amplitude and a shape
function:

¢, (r,t) = p(y, (r,1) (14)
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where ¢, is the CMFD flux and p(t), w,(r,t) represent amplitude and shape functions

respectively. One constrain for this separation is to maintain the integration of the shape function
to be a constant:

<¢,(r) ()Wg(r 0)>—<¢(f) ()

The EPKE is defined in Eq. (16) and Eq. (17) and the derivation can be found in [8]:

w,(r,t)> (15)

dp(t)  p(t)- B (1) 1

& A Ao; 2 S ®) (16)
d&, @) A,

i oA ) p(t) — A () (1), k=12...,6 (17)

The point kinetics parameter reactivity, delay neutron fractions, neutron generation time and
delay neutron constants are defined in Eq. (18) to Eq. (21) respectively:

eff

<dy (N x, (r)ST(r,t)>

<y (1) Zgey (1) B (r)ST(r,1) >
<g,(Nx, (r)SF(r,t)>

< ¢*(r)[kF— AJ¢(r,t) >
p(t) =

(18)

e (t) =

k=126 FTMO=24"0 19

<4, (r) G )¢ (r.t)>

Al)=—: 20
© <¢g(r)zg()SF(r,t)> 20)
<Py (DA Zyoq (P)Cy (r 1) >
A 0, (NGO > -
where Sp(rlt)— ZVZf,g ¢ (r,t), is the total fission source and the matrix

eff g’
operators in Eq. (18) are the same used in Eq. (10).

The p(?) function in Eq. (16) is an amplitude function and it has different numerical value
and physical meaning to the core power calculated by MPACT transient solver, as a result a
power norm factor for EPKE is requited:

<KZ; o ()4, (1) > p0)  <aZ (r )y (r,t)>
P(t) <&Z,,(r,004,(r,.0)> <&Z, (r,0)y,(r,0)>

(1) = (0 =1 (22)

The final fission power level of EPKE is calculated by Eq. (23) with p(t) predicted by Eq.
(16):
H() = T, (O p) (23)
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The iteration schemes for both MPACT and EPKE are shown in Figure 3. The point kinetics
parameters are edited after MOC solve at each transient step and fed into EPKE solver. The
EPKE is then solved using the point kinetics parameters at each time step and same time
discretization scheme of MPACT transient solver is applied, which includes implicit Euler
discretization for dp(t)/dtterm in Eq. (16) and second order approximation for power when
precursor equations are integrated in Eq. (17). The TH feedback in MPACT transient solver is

included in the point kinetics parameters, so there is no explicated TH feedback in the EPKE
model.

Start

MPACT EPKE

A

»> Next Transient Step

i —

MOC Solve Generate PK Parameters

i A\ 4

TH Feedback EPKE Solve

No +® +® No
Yes Yes
End End

Figure 3 Iteration scheme for MPACT transient solver and EPKE solver

Next Transient Step

A

The test problem is a SPERT transient rod assembly, which is adopted from the whole core
SPERT simulation [4]. The geometry of SPERT core is shown in Figure 3 and radial layout of
the transient rod assembly is presented in Figure 4. The transient rod assembly has 4 by 4 pins
radially and 120 cm height with 20 axially layers. The transient blade is withdrawn in 0.08
seconds and a 5ms time step was used for the whole trainset simulation. The transient solver
developed in [4] is coupled with an internal thermal-hydraulics module in MPACT which solves
transient mass and energy equations and the whole core power and coolant mass flow rate were
adjusted to take into account the fact that only one assembly was simulated. The MPACT
transient simulation of this problem required approximately 1 hour using 20 cores with 2.4GHz AMD
processors.
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Figure 4 SPERT 111 E-Core Cross [9]
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Figure 5 MPACT model of 16-rod assembly with cruciform transient rod [9]

The power histories for both MPACT spatial transient solver and EPKE solver are shown in
Figure 6 and maximum relative error shown in Figure 7is smaller than 3.5E-4. The results
provide confidence in the application of the CMFD adjoint calculation to practical reactor
applications for editing dynamic point kinetics parameters.
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Figure 6 SPERT transient rod assembly power history
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Figure 7 Relative error of EPKE compared to MPACT for SPERT transient rod assembly

4  SUMMARY AND CONCLUSIONS

The paper presented the development and validation of the MOC and CMFD based adjoint
capabilities within the framework of the pin resolved, 2D-1D method in the core neutronics code
MPACT. The first section of this paper provided a description of the adjoint algorithms
developed and implemented in MPACT. The 1-D isotropic transport formula was first used to
present the algorithm to solve the multigroup MOC based adjoint flux. The standard CMFD
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formulation was then used to develop the CMFD adjoint flux algorithm. A comparison between
MOC based and CMFD based adjoint flux calculation was then provided regarding
computational efficiency and coding complexity.

In the second section of the paper, numerical results were presented for application of the
adjoint flux in MPACT. At first the comparison for the MOC and CMFD adjoint flux calculated
by a pin cell case were shown, and the results agreed well in the non-resonance energy region.
This suggested that the use of the CMFD adjoint flux was sufficiently accurate for core reactivity
edits. Then MPACT transient result of a SPERT transient rod assembly was then compared to the
solution of Exact Point Kinetic Equation (EPKE), which was based on the point kinetic
parameters generated by the MPACT CMFD adjoint flux. Good agreement was observed
between EPKE and the MPACT results from a SPERT transient rod assembly case, which
provided confidence in CMFD adjoint flux calculations for the core reactivity edits during
practical reactor transient applications.

Currently work is ongoing to validate the transient capability in MPACT using the SPERT
E-Core rod ejection experiments [4]. The adjoint capability in MPACT is essential to the
analysis of the MPACT results for these experiments. Future work within CASL will be to apply
the transient capability within MPACT to a several challenge problems involving full core LWR
applications. The adjoint flux capability developed here has the potential to assist in the
understanding of the computational results.
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